It is possible to bound the Lyapunov candidate above and below with the following positive definite functions. 
Define,˜ =ˆ − ,B =B − B,
Note that the matrix Ω = p j=1 x j x T j is positive definite. Bounding the inequality above using norms and the triangle inequality,
+ K e 2 P B + K r r e P B
Note that as long as the matrix Ω is full ranked (which can be guaranteed if the reference signal r is exciting over a finite interval [0, T ] [1]) and sgn(B) = sgn(B), the first three terms on the right hand side of the inequality above are negative-definite. Conservative bounds on the rest of the right hand side terms can be found as follows: The matrix A rm of the reference model is assumed to be Hurwitz and the reference signal r is always bounded, therefore there exist scalars c r , c xrm > 0 such that x rm < c rm , r < c r . Note that B is assumed to be bounded, therefore there exists a scalar c B such that P B < c B . Finally, note that the error termsˆ are functions of recorded data x j , r j , which are bounded by assumption and do not evolve with time. Therefore there exist scalars c x , c r > 0 such that P p j=1 x j˜ K < c x , P p j=1 r j˜ Kr < c r . Hence,
Therefore, for sufficiently large λ min (Q), λ min (Ω), and p j=1 r 2 j ,V (ζ) ≤ 0 outside of a compact set. To see that the set is indeed compact, note that the terms on the right hand side of Eq. 3 yield three quadratic inequalities in e , K and K r . A conservative estimate of the positively invariant set within which the solutions are bounded can be found by solving these quadratic inequalities for each variable while assuming that other two variables are non-zero. First we check the case where K > 0, K r > 0. In this case, e ≥ −b e + b 2 e − 4a e c e 2a e (4)
Secondly, we consider the case e ≥ 0, K r ≥ 0. In this case,V (ζ) ≤ 0 if
Then we check the case where e ≥ 0, K ≥ 0. Inequalities 4-7 characterize the compact set outside of whichV (ζ) ≤ 0. Therefore, all solutions will eventually end up within this set, which in turn proves that the system [e,K,K r ] is uniformly ultimately bounded.
